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PERIODIC AND HOMOCLINIC SOLUTIONS OF 
THE MODIFIED 2 + 1 CHIRAL MODEL 

BO DAI* AND CHUU-LIAN TERNG 1 



Abstract. We use algebraic Backhand transformations (BTs) to con- 
struct explicit solutions of the modified 2 + 1 chiral model from T 2 x R 
to SU(n), where T 2 is a 2-torus. Algebraic BTs are parameterized by 
z £ C (poles) and holomorphic maps n from T 2 to Gr(fc,C n ). We ap- 
ply Backlund transformations with carefully chosen poles and 7r's to 
construct infinitely many solutions of the 2 + 1 chiral model that are 
(i) doubly periodic in space variables and periodic in time, i.e., triply 
periodic, (ii) homoclinic in the sense that the solution u has the same 
stationary limit uo as t — > ±oo and is tangent to a stable linear mode 
of uq as t — ► oo and is tangent to an unstable mode of uq as t — > — oo. 



1. The 2 + 1 Chiral model 
A wave map J : R 2,1 — > SU(n) is a critical point of the functional 

£(J)= [ \\J- 1 J a .\\ 2 + \\J- 1 J y \\ 2 -\\J- 1 J t \\ 2 dxdydt, 

where 1 1£| | 2 = — tr(£ 2 ), and x, y, t are the standard space-time variables. The 
Euler-Lagrange equation of £ is 

{J- l J t )t ~ (J~ 1 J X )x - (J' 1 Jy)y = 0. (1.1) 

This equation is also called the 2 + 1 chiral model. 

The Ward equation (or the modified 2 + 1 chiral model) is the following 
equation for J : M 2,1 — > SU(n): 

(J- l J t )t ~ (J' 1 ^), ~ (J' 1 Jy)y ~ [J~ l Jt, J~ l Jy] = 0. (1.2) 

This equation is obtained by a dimension reduction and a gauge fixing of 
the self-dual Yang- Mills equation on M 2,2 (cf. [II]). We call a solution of the 
Ward equation a Ward map. The Ward equation is completely integrable 
and many techniques from integrable systems can be used to construct ex- 
plicit solutions. 

We consider Ward maps satisfying the doubly periodic boundary condi- 
tion in the space variables, i.e., Ward maps from T 2 x R to SU(n), where 
T 2 = S 1 x S 1 . Using the standard trick of writing a second order differential 
equation as a first order system on the tangent bundle of the phase space, 
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we can view the Ward equation as a dynamical system on the tangent bun- 
dle T(C°°(T 2 , SU(n))). The goal of this paper is to construct periodic and 
homoclinic orbits of this dynamical system. 

A Ward map J : T 2 xR -> SU(n) independent oft is a harmonic map from 
T 2 to SU(n). Equation for harmonic maps from T 2 to SU(n) is integrable. 
Techniques from integrable systems were used to construct harmonic maps 
from T 2 to SU(2) by Hitchin ([Hj), and from T 2 to SU (n) by Burstall, Ferus, 
Pedit and Pinkall (0). 

A Ward map from 5 1 x S 1 x R to SU(n) independent of the second 
variable is a wave map from S 1 x R to SU (n). Such wave maps were studied 
by Terng and Uhlenbeck in j^j. 

A solution u of an evolution PDE is homoclinic if u tends to the same 
stationary solution no as t — * ±00 and is tangent to a stable linear mode of 
uq as t — ► +00 and is tangent to an unstable linear mode of uq as t —* — 00. 
The existence of homoclinic orbits for a finite dimensional dynamical system 
indicates the chaotic behavior of the system (cf. [1]). It is known that 
soliton equations in one space and one time variables (for example, sine- 
Gordon, KdV, and NLS), viewed as dynamical systems on certain function 
spaces, admit homoclinic orbits. Shatah and Strauss 6 proved that there 
are homoclinic wave maps from S 1 x R to S 2 , and Terng and Uhlenbeck jS] 
proved the same result for wave maps from 5 1 xRto any compact symmetric 
space. There have been many works concerning whether homoclinic orbits 
persist under small perturbation of these soliton equations in 1 space and 1 
time variables (cf . EJ and references therein) . 

One result of this paper is the existence of infinitely many Ward maps 
from T 2 x R to SU(n) that are periodic in time. In other words, we prove 
that there are infinitely many triply periodic solutions of the Ward equation. 
Another result of this paper is to show that the Ward equation has infinitely 
many homoclinic orbits. We give an outline of our method next. 

The 1-soliton Ward maps from R 2,1 to SU(n) can be constructed as follows 
(cf. JJ)- -^et z £ C\R be a constant, V = a meromorphic map from C 
to the space -M^xk °^ ran k k complex nxk matrices, n(x, y, t) the Hermitian 
projection of C n onto the subspace spanned by the k columns of V(w), where 

{z-z- l )y (z + z-^t 
W = x+ + . 

Let tt 1 - = I — 7r. Then 

Jz,v(x, y, t) = tt^(x, y, t) + ^vr(x, y, t) 

is a solution of the Ward equation. It has constant determinant, so we can 
normalized it to get a Ward map from R 2,1 to SU(n): 
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J z y (or J z ,v) will be called a Ward 1-soliton. If all entries of V(w) are 
rational functions in w, then J z y is a smooth Ward map and is asymptot- 
ically constant as | (x, y)\ — > oo. If all entries of V are elliptic functions of 
same periods, then J z y is a smooth Ward map from T 2 x R to SU(n). 

Algebraic Backlund transformations (BTs) for the Ward equation were 
constructed in [2] . These are transformations that generate new Ward maps 
from a given Ward map and 1-solitons J z y by a simple algebraic method. 

We apply algebraic Backlund transformations repeatedly to 1-solitons as- 
sociated to elliptic functions to construct infinitely many triply periodic 
Ward maps to 577 (n) 

Note that if the image of J lies in an abelian subgroup of SU(n), then 
the Ward equation for J becomes the linear wave equation. For example, 
let m be an integer, and a = diag(zm, —im). Then 

Jo(x, y, t) = exp(-(x + y)a) 

is a doubly periodic, stationary Ward map, whose image lies in SO(2). 

We apply algebraic BTs 2k times to Jo with carefully chosen poles and 
projections to construct homoclinic Ward maps J 2fc from T 2 x E to SU(n), 
and prove that J^k tends to (— l) k Jo as \t\ — ► oo and J2k are homoclinic. 

This paper is organized as follows: We review the Lax pair and algebraic 
Backlund transformations for the Ward equation in section 2, and use elliptic 
functions to construct triply periodic Ward maps in section 3. In the last 
section, we construct (i) homoclinic Ward maps from T 2 x K to 577 (n) that 
tend to stationary solutions, (ii) homoclinic Ward maps that tend to periodic 
solutions. 



2. Extended Ward maps and Backlund transformations 

The Ward equation is integrable in the sense that it can be written as the 
compatibility condition for a system of linear equations involving a spectral 
parameter A £ C. In fact, we have the following theorem (cf. 

Theorem 2.1. Let J : M 2 ' 1 — > SU(n) be a Ward map, dx 2 + dy 2 — dt 2 be 

the Lorentzian metric on M 2,1 , 

t+y t-y 
U= —' V = — (2J) 

A = J~ l J u , and B = J~ 1 J X . Then the following linear PDE system is 
solvable for -0 : R 2,1 xC^ GL(n, C) : 

U\d x -d u )i> = Ai>, 
\{\d v -d x )i> = B^. 

Conversely, suppose O is an open subset of in C and ip : R 2 ' 1 x O — > 
GL(n,C) is a smooth map so that 

A := (Xijj x - ^ u )^-\ B := (Xijj v - tpx)^' 1 
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are independent of A G O and tp satisfies the U(n) -reality condition 

t/)(x, u, v, \)*ip(x, u, v, A) = I, (2-3) 

Then 

J{x,y,t) = ^(x.y^t^y 1 
is a smooth solution of the Ward equation and J~*J U = A and J^ 1 J X = B. 

A solution ip(x, y, t, A) of (|2.2j) that satisfies the J7(n)-reality condition 
(|2.3|) is called an extended Ward map and J = ip{- ■ ■ ,0) _1 the associated 
Ward map. 

Given z £ C and a Hermitian projection tt of C n , let 

, . i A — z z — z 

«2 )7 r(A)=7r +- -7T = I+- r 7T, 

A — z A — z 

where n 1 - = I — tt. A direct computation implies that h Zj7T satisfies the 
?7(n)-reality condition 1)2. 3 jl . 

Let V = (vij) : C — > 7W° xfc (C) be a meromorphic map, and n(x,y,t) the 
Hermitian projection onto the subspace spanned by the columns of V(w;), 
where 

iu = x + zu + z _1 t>, 

and u, v are the light cone coordinates in the yt-plane defined by (|2.1|) . Since 
the entries of V are meromorphic functions, the projection tt is smooth on 
R 2 ' 1 . Set 

A — z 

i/j(x,y,t,\) = h z ^t xyt \(\) = 71^(3;, y,t) + -7c(x,y,t) 

A — 2; 

A direct computation implies that both (Xip x — VOV' -1 an d (A^ — 

are independent of A. By Theorem 12.11 ip is an extended solution of the 

Ward equation and the associated Ward map is the 1-soliton 

/ s ( Z\ k / n ., . 1 fZ\ k / n f , Z \ 

J z ,v{x,y,t) = ip{x,y,t,0) = [=) \k {x,y,t) + -x{x,y,t)J , 

where (§) is a normalizing constant to make det(J z y) = 1. 
The 1-soliton Ward map J Z) y is a travelling wave because 

w = x + zu + = (x — vit) + k\(y — V2t) + ik 2 (y — V2t), 

where z = re ie , v x = -^0-, v 2 = and fcj + ik 2 = (z - z~ l )/2. Thus 

■J^y is a travelling wave with constant velocity v = ( — 2 ^°t> 6> ? prfs; ) on the 
xy-plane. In particular, Jj.y is a stationary Ward map, i.e., a harmonic map 
from C to SU(n). 

The following theorem was proved in [2] , which gives an algebraic method 
to produce new extended Ward maps from a given one. 

Theorem 2.2 (Backlund transformation). Let i/j(x, y, t, A) be an extended 
solution of the Ward equation and J = tp(- ■ ■ , 0) _1 the associated Ward map 
from M 2,1 to SU(n). Choose z £ C\R such that tp(x,y,t, A) is holomorphic 



PERIODIC AND HOMOCLINIC ORBITS OF THE 2 + 1 CHIRAL MODEL 5 

and non- degenerate at A = z. Let h z ^( x ,y,t)(ty be an extended 1-soliton 
solution, and tt(x, y, t) the Hermitian projection of C n onto 

4>{x,y,t,z)Im(Tr(x,y,t)). 

Then 

t/)i(x, y, t, A) = h Z) fi( x>ytt )(\)ip(x, , y, t, A) 
is a new extended solution to the linear system \2.°J\) with 

(A, B)^(A + (z- z)n x , B + (z- z)tt v ), 
and the new Ward map is 

-J J(x,y,t) \^-Tt(x,y,t) +7T (x,y,t)j. 

We will denote ip\ = h z>n * ip and J\ = h zn * J, the Backlund transfor- 
mation generated by h ZjW . 



3. Periodic Ward maps from T 2 x R to SU(n) 

We use algebraic BTs to construct Ward maps into SU(n) that are either 
doubly periodic in space variables or triply periodic. 

First we construct 1-soliton Ward maps that are doubly periodic. Let 

if) 

z = re , 

, s _i z — z^ 1 z + z~ x 
w(x,y,t) = x + zu + z v = x -\ y -\ t, 

and a = a + ib. A direct computation shows that 

i fci i b . , , 

w[x + a - — b, y + — , t) = w(x, y, t) + a, 

K2 K2 

where k\ + ilt2 = — . Let / : C — > C be a meromorphic function such 
that f(w + a) = f(w) (i.e., periodic with period a), and 

g(x, y, t) = f{w) = f(x + zu + z^v). 

A direct computation shows that 



i \ i fci, b 

9{x, y, t) = g{x + a- —b, y + —,t). 

K2 K 2 



Hence 



(1) if a = 2ir, then g is 2-7r-periodic in x; 

(2) if a = 2ir(k\ + ik 2 ) = tt(z — z" 1 ), then g is 2-7r-periodic in y. 

This shows that if each entry V{j of the meromorphic map V = (wy) : 
C — ► M® nxk {C) satisfies Vij(w + 27r) = Vij(w + ir(z — z^ 1 )) = Vij(w), i.e. 
an elliptic function with periods 2tt and tt(z — then the 1-soliton J z y 
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is a doubly periodic Ward map with respect to the lattice 2tt(Z x Z). An 
example of elliptic function is the well-known Weierstrass p-function 

pw = i + £ ((^)2-^)' 

7 eA\{0} vv ,; ' 7 

where A is the lattice in C generated by 2ir and ir(z — z^ 1 ). Other elliptic 
functions can be generated by Weierstrass p-functions and Jacobi elliptic 
functions. It is clear that J z y is time periodic if and only if the ratio of the 
velocity, v\/v2 = (— 2rcos#)/(l — r 2 ), is rational. 

Similar computation implies that given any rank 2 lattice A of C there 
are 1-soliton Ward maps from C/A xlto SU{n). Moreover, some of these 
1-solitons are periodic in time, i.e., triply periodic. In particular, we get 

Theorem 3.1. Let r = c 1 + ic 2 with c 2 / 0, A = Z27r + Zt, z = re ie a 
constant, and a + ib = c\ + ^| — c 2 . If each entry vij of the meromorphic 
map V : C — > M^ xk (C) is an elliptic function with periods 2tt and a + ib, 
then the extended 1-soliton solution h Z;7T is doubly periodic with periods 2ir 
and t and the associated 1-soliton 

Jzv = ^ke/n^^yl = ^2ke/n {7r ± + ^iO^ 

is a Ward map from C/A x R to SU(n), where e' l2ke / n is a normalizing 
constant, and Tr(x,y,t) is the projection onto the subspace spanned by the 
columns of V(x + zu + z~ 1 v). Moreover, 

(1) ifr^l and there exist integers m\,m2 such that 

2 cos 2-nm\ + m2C\ 
r — r _1 TO2C2 

then J z y is periodic in time with period T = m2C ^^L\ — 

(2) if r = 1 and cos # / 0, then J z y is periodic in time with period 

T = 

cos a 

In the rest of the section we consider only the square torus. We will 
construct fe-soliton Ward maps from T 2 x R to SU(n) that are also time 
periodic. To do this, we define 

Z = {z = re ie G C\R | z = e ie ^ ±i or cos^r-r^ 1 ) G Q}, 

where Q denotes the set of rational numbers. We have seen that for each 
z £ Z, we can construct time periodic 1-solitons to the Ward equation. 
Moreover, the time period T depends on z only. In fact, the period function 
T : Z — > R is defined as follows: 

T(t\ — J coTe ' if 2 = e ld / ±i, 

1 \ Z ) ~ \ 27rm 2 (r+r- 1 ) . f i6 2 cosfl = mi V' 3 - 1 ' 1 

Apply Backlund transformations repeatedly with some rational conditions 
on the poles z\ , . . . , z m to get the following: 
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Theorem 3.2. Let {z\, . . . , z m } be a set of finite points in Z such that 
Zi ^ Zj,Zj for all i ^ j, and h Ziy7Ti (X) extended 1-soliton solutions leading 
to doubly periodic Ward maps, where i,j = 1, ■ ■ -m. Let Ti = T(zi) be the 
time period defined in 1)3. 1JI . Let J\ be the Ward map associated to h zi>ni , 
i.e., J\ = h Zl)7T1 (O)" 1 . Let J m be the Ward map obtained by applying m—1 
Backlund transformations to J\, 

Jm = h Zm ^ m *(•••* (h Z2:7T2 * Ji) • • • ). (3.2) 

IfTj/Ti are rational numbers for all 2 < j < m, then J m is a Ward map 
from T 2 x R to SU (n) and is periodic in time. In other words, J m is a triply 
periodic solution of the Ward equation. 

Proof. We prove the two-soliton case. By Theorem 12.21 we have 

hz2,n2 * h Zlj7Tl — h Z2 K 2 h Zlt7 r i: 

where Im7T"2 = h Zltni (z2)limr2 = (1+ ^Zf^ 7ri)Im7T2. Note that tt2 is periodic 
in time because 7Ti and 7T2 are time periodic and T2/T1 is rational. Thus we 
see that h Z2 ^ 2 * h Zlt7T1 is time periodic, and so is the associated Ward map. 
The general case can be proved by induction. □ 



4. Homoclinic Ward maps 
It is known that solutions of the sine-Gordon equation (SGE) 

qtt ~ Qxx = sin q 

give rise to wave maps from M 1 ' 1 to S 2 . Breather solutions are 2-soliton 
solutions of the SGE that are periodic in the x variable. Shatah and Strauss 
proved in (Hj that wave maps from 5 1 x R to S 2 corresponding to breather 
solutions of the sine-Gordon equation are homoclinic wave maps. Applying 
Backlund transformation 2/c-times with carefully placed poles, Terng and 
Uhlenbeck constructed 2/c-soliton solutions for the sine-Gordon equation 
that are periodic in the space variable, and showed that the correspond- 
ing wave maps from S 1 x R to S 2 are also homoclinic. More generally they 
proved that there are homoclinic wave maps from S 1 x R into any compact 
symmetric space 

In this section, we apply Backlund transformations with carefully chosen 
poles and Hermitian projections even times to certain stationary wave map 
into SO(2) to construct homoclinic Ward maps from T 2 x R to SU(n). To 
make the construction more illuminating, we will work on the SU(2) model. 
The SU(n) model is similar. 

Let m > be an integer, and a = diag(im, —im) £ su(2). It is easy to 
check that 

V>(A)(x, y, t) = y, t, A) = e ((l-A)*+(l+A-A>-,)a_ (4 -g 

is an extended Ward map. So 

J (x, y, t) = y, t, O)" 1 = e "(*+«-«)« = e ~^ a 
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is a stationary Ward map, which is doubly periodic in the space variables. 
Note that Jo is a harmonic map from T 2 to 50(2). 

Next we compute the linearization of the Ward equation at the stationary 
solution Jo = e -( x +y) a } as well as its stable and unstable subspaces. Let 
M = C°°(T 2 x R, 577(2)). Then we can give a natural trivialization of 
the tangent bundle TM as follows. Given a curve 7 : (— e, e) — ► M with 
7(0) = J, we identify the tangent vector 7'(0) as 

(7(0), 7 (orV(o)) = (j, j- 1 5 j). 

This identifies TM = M x 0°°(T 2 x R, su{2)). 
Set J _1 <5J = rj. Compute directly to get 

S{J~ X J X ) = -{J- l 5J)J- 1 J x + J-\5J) x 

= -r](J- l J x ) + J-^J^x = -r]{J- X J x ) + J-\J x v + Jr)x) 

= Vx + [J~ 1 Jx,r)}- 

The computation for 5(J~ 1 J y ) and <5(J _1 Jt) is similar. So the linearization 
of the Ward equation at Jo = e~( x+y ^ a is: 

(Vt + [J~ l Jt,rj\) t - {Vx + [J~ l Jx,v])x ~ (Vy + [J^Jy^W 

-[rit+lJ^JuvhJ^Jy] ~ [J^JhVy + lJ^Jy^]} 
= Vtt ~ Vxx ~ r\ yy + [a, r] x +rj y - r] t ] = 0. (4.2) 

We note that the linearization at J = — e~( x+y ^ a is the same one. Write 

(IV c \ 

£ ^ j to get 

Ttt — r xx — fyy = 0, ,^ . 

ttt - txx - iyy + 2»m(£ B + i v - it) = 0. v " ; 

This system is linear with constant coefficients, so it can be solved by Fourier 
series. Let 

£ = Wt)e iiiX+ly) 

be the Fourier series expansion of £. Then by Q4.3I 2). we have 

b% - 2im&;., + (j 2 + l 2 - 2m{j + l))b jt = 0, 
where / means differentiation with respect to t. Its auxiliary equation is 
7 2 - 2im7 + j 2 + I 2 - 2m(j + I) = 0. 

It has roots 

7 = im ± y to 2 — (j — m) 2 — (/ — m) 2 . 

Stable (unstable respectively) modes come from Re(7) < (Re(7) > 
respectively). So for (J, I) E Z 2 with (j—m) 2 + (l—m) 2 < m 2 , there are stable 
and unstable modes corresponding to roots im^f^m 2 — (j — m) 2 — (I — m) 2 
respectively. Similar computation shows that the auxiliary equation for 
1)4.31 1) has only purely imaginary roots. So the above computation gives 
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Proposition 4.1. Let a = diag(im, —im) and J = ± e -( x +v) a ; where m > 
is an integer. Let 

BZ m = {(j, I) G 1? | (j - mf + {l- mf < m 2 }. 

Then: 

(1) The unstable subspace of the linearization of the Ward equation at J 
is 

0{T^+ | (j-|)€BU 
where is spanned by 

I 2 T- vTT, ^2 , / c J,{jx+ly+mt) 

'IjlW e I _c e -i{jx+ly+mt) q 

with constant c G C. 

(2) The stable subspace at J is 

0{W^ | (j,l)eBZ m }, 

where is spanned by 

/ — o — T- ^TTi ^2 + ( ce i(jx+ly+mt) 

Tjl l c J - e I _- -i(jx+ly+mt) q 



wi/i c G C. 

Let z = re* e G C\K, /(w) a meromorphic function on C, q(wj - ( jr w \ 

w = x + zu + z~ l v, and 7r(x,y,t) the Hermitian projection of C 2 onto Cq(w). 
Let ifj be the extended solution given by (|4.1j) and Jo = "0 _1 |a=o = e~ a<yX+y ^ 
the associated Ward map. Consider the Backhand transformation h Zt7T * ip. 
We will find conditions on z and f(w) so that h Z;% * Jo is doubly periodic in 
space variables. By Theorem 12.21 we have 

ipi = h Z:7T * tp = h Z:jT ip, (4.4) 

where Im7r = Cq and 

q{x,y,t) = ij}(z)q(w) 

a ((l-z)x+(l+z-z 2 )u-v)a ( 1 
e 2im((z-l)x+(z' 2 -z-l)u+v) /Yy/) 

Here u q\ ~ (72" means Cq± = Cq2- Prom the formula 

Jl = h z ^ * J = JoA (ZTT + ZTT- 1 ), 
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we see that it is doubly periodic if and only if q is. For this purpose, we try 
the following form of 

f( w ) = e 2im ( a -^ w j 
where a G C is a constant. Substitute this into q(x,y,t) to get 

g2im((z— l)x+(z 2 — z—X)u+v) f (yj^ ( ,2im((a—l)x+((a—l)z—l)u+az~ 1 v) 

im(2(a-l)x+((a-l)z-az- 1 -l)t/+((o-l)2+a2~ 1 -l)t) 



= e 

It is doubly periodic in x and y with period 27r if and only if 



2m(a - 1) := -j G Z, 

m((a - 1> - az _1 - 1) := -/ G Z. 



(4.5) 



From 1)4.51 1). we have a = 2 ™ m J . Compute the imaginary part of (|4.5I 2) to 

get 

(a — l)r sin 9 + or -1 sin 9 = 0. 
Since r > 0, we see < a < 1. This implies that < j < 2m, and 
'*HZ=i. By (g3l2) again, we have 



m((a — l)z — az 1 — 1) = —y / j(2m — j) cos 9 — m = —I. 
It follows that 

yj j(2m — j) cos 9 = I — m. 

Hence I must satisfy 

\l-m\< y/j(2m-j), (4.6) 
and cos# = , 171 It is easy to verify that the conditions for (j, I) are 

equivalent to (J, I) G Z 2 , (j - m) 2 + (I - m) 2 < m 2 , i.e., (J, I) G BZ m . 
Therefore if we choose the following data: (j, I) G BZ m , z = re l6 with 

r = J^ 1 , cos9 = l ; m sintf > 0, a = then lmn(x,y,t) = 

x, y, t), where 

q(x,y,t) = 



gY^ m 2 — (j—m) 2 — (l—m) 2 t ^—{(jx+ly+mt) 

is doubly periodic in x and y. It follows that 

1 / J e A e i(jx+ly+mt) 



n(X, y,t) — ^ + I A e -i(ja5+ii/+ml) g 2A 



where ^4 = ^m 2 — (j — to) 2 — (I — m) 2 t. Therefore we obtain the following 
Ward map from T 2 x R to S77(2): 

7l = e -(^)«J_(^( X) y^) +^- L (s,y,t)) 
|z| 

= e-(^ a (e- i ^(x,y,t) + e^ ± (x,y,t)). (4.7) 
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We now analyze the asymptotic behavior of J\ as t — > ±00. It is easy to see 
that 





and 



So 



and 



7r — M q ^ ) as t ^ +00, 



7r — > I I as t — > —00. 



J, ( ^ e ° i0 ) as/-+x. 



J, ^ e -(*+»)« f e Q ie ^ ast 



-00. 



Thus J\ : T 2 x R — > SU(2) is a heteroclinic Ward map. To construct 
homoclinic maps, we apply Backhand transformation again. 

Choose Z2 = — f, and ir 2 (x,y,t) Hermitian projection of C 2 onto Cg2, 

where q 2 = (f^X hM = e 2im ^~ z >\ a = 3gr2, and w 2 = x - 

zu — z~ 1 v. Now apply Backhand transformation to iftx (defined by (|4.4|) ) 
generated by h_^ 2[x ^ y ^ to get 

1p2 = h_z >m (x,y,t) *1pl = h^z^ Xi y jt )tpl, 

where lmn 2 (x, y,t) = Cq 2 (x,y,t) and 



<?2 



^i{-z)q 2 = h zMx ,^ t) {-z)ip{-z) (f 2 ( W2 j 



1 + V ' *) j ( e A e -i(jx+(2m-l)y+mt) ) • ( 48 ) 



Here A = m 2 — (j — m) 2 — (I — m) 2 t. Note that q(x, y, t) is doubly peri- 
odic in x and y. Therefore 

J2 = Jqj—Az^ + ZTX L )-^— (z 2 TT 2 + ^2^2") 



\ z \ \ z 2\ 
-i0~ 1 J9~-L\/ AO- 



= Jo{e ir + e 7r ){— e tt 2 — e tt 2 ) 

is a Ward map from T 2 x IR to SU(2), where J = e~( x+ ^ a . 

Next we study the asymptotic behavior of J 2 . First look at the behavior 
of J 2 as t — > —00. Set 



£ _ e V m 2 -(j-m) 2 -(l-m) 2 t _ e ~i{jx+ly+mt) ^ _ e -i(jx+(2m-l)y+mt) _ 

Then lim^-oo £ = 0. Write 

'-•-GiO-GW!)- 
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So the projection tti = n onto Cqi is 

Write ai = ^g 1 . Then by (jO|l we have 
g 2 = (I + aifri) 

= a +oA ) ((j)+<a(;)) 



J)+Af/i(J)+Af/2('J)+o(a, 



where /3i = 1 , /3 2 = . So the projection tt2 onto Cq»2 is 



1+ai ' ^ 1+ai ' 

.0 0, 



From the above computation, we see 



Substitute 7T, into J2 to get 

-1 2 



<J2 = <A)(. e 7T + e 7T ){ — e 7T2 — e 7T 2 



nX x -2isin6»/i'\ „_ 2 , 



-e* e \ / -2iwn0 faft 

-e- ifl i + ^ I -2* sin # fa ft 



-2isin0 faft \ , _. t2 . 



Jo -/ + S 



<*/ 

-cif: 



where ci,c 2 £ C are constants. It follows that lim^-oo J2 = — Jo- Note 
that 

is equal to the unstable mode 77^. (q) at — Jo given in Proposition ^. H where 
(ilj ^1) = (i> and (j'2, Z 2 ) = (j) 2m — I). In other words, we have shown 



hm^^ + Jo + JoXJ^J^ =0. 



(4.9) 
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To analyze the asymptotic behavior of J 2 as t — > +00, we set 

_ g-\/ m 2 -(j-m) 2 -(l-m) 2 t ^ _ e i(j x+ly+mt) ^ ^ _ e i(jx+(2m-l)y+mt) ^ 

Then linit^ +00 p = 0. A similar computation implies that 
'1) q\ is parallel to (^^^j ■ 



(2) 

TTl 

and 



0\ /0 /iA 2 

iJ + ^U oj +0 ^ 



0\ / 71/tA / 72/12 



for some constants 71, 72. 

(3) 

dihi\ ( (^2^2 \ 2- 



for some constants d%, d 2 . It follows that limt-^+oo J2 = — Jo- 

(4) 

Kw^ (^J 2 + Jo + JoJ2%,iS d ^) = °" 

Formulas g3J) and (l4~TU]l imply that J 2 :T 2 xR^ 577(2) is a homoclinic 
Ward map. 

Applying Backhand transformations even times, with pairs of poles and 
Hermitian projections chosen as above, we obtain more homoclinic Ward 
maps. The case for m < is similar. We summarize the above discussion 
to give: 

Theorem 4.2. Let m be a nonzero integer, a = diag(im,—im), and Jq = 
e -(x+y)a_ Choose (j2k-lihk-l) e ^ 2 suc -h that 

(j2fc-l - m) 2 + (hk-l ~ m ) 2 <m 2 , m < l 2k -i 
and (J2k-i,hk-l) ¥= (tth-i Mh-i) f or I < k < h < N . Let (j 2k j2k) = 
(hk-i,2m - l 2k ^), z, = J^r^ eWa mth cos °s = sgn(m) {h ' m) . 

V 3* y/j s (2m-j s ) 

and sin# s = sgn(m)\/l — cos 2 9, s = 1,...,2N. Let ir s be the Hermitian 

projection onto C ( f , , ) , where f s (w s ) = e l C 2m -js-2mz s )w s an( ^ Ws _ 
\Js\ w s)J 

x + z s u + z~ 1 v. Let 

J2n{x, y, t) = h Z2Nj7T2N *(■■■* {h Zim * Jo(x, y,t))---) (4.11) 

be the Ward map obtained by applying 2N Backlund transformations to Jq. 
Then J 2 n '■ T 2 x R —>■ SU (2) is a homoclinic Ward map. Moreover, J 2 n — ► 
{-1) N J as t -» ±00. 
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Proof. We have shown the N = 1 case. For general N, we use induction and 
the calculation is similar. □ 

The above construction can be generalized to SU(n) model easily: 

Corollary 4.3. Let m, p be integers, 1 < p < n — 1, 

i(n — p)ml p \ su / n \ 

-ipml n - p ) >' 

^ = e ((i-A):r+(i+A-A 2 )«-t,)a ^ g txt en&ed solution, and J = i/ie 

associated Ward map. Choose (j 2 k-iJ2k-i) £ ^ 2 suc/t i/iai 

/ nm\ 2 ( nm\ 2 /nm\ 2 nm 

[32k-i -—) + (hk-i -—) < {—) > — < *2k-l 

and (j2k-i,hk-i) ¥= {hh-i Mh-i) for 1 < k < h < N. Let (j 2k ,l 2 k) = 
(j 2k -i,nm - i 2fc _!), z s = Jm^e"' with cos6 s = sgn(m) ( ; s ~ wm/2 \ , and 

sin^ s = sgn(m)\/l — cos 2 6> ; s = 1, . . . , 2iV. Let ir s (x, y, t) be the Hermitian 
projection of C n onto 

C(l,--- ,l,f s (w s ),---f s (w s )) T , 
where 1 is repeated p-times, f s (w s ) = e l ( nm -js-nmz 3 )w s - g re p ea t ec [ ( n _ p)_ 
times, w s = x + z s u + z^ 1 ^. Lei 

J2n(x, y, t) = h z . 2N ^2N *(■■■* (h zi ,m *J (x,y, *))•■■) (4.12) 

6e £/ie Ward map obtained by applying 2N Backlund transformations to J§. 
Then J 2 n : T 2 x 1 -> SU (n) is a homoclinic Ward map. Moreover, J 2 n — ► 
{-1) n Jq as t ±oo. 

The method discussed above can also produce Ward maps, which arc 
homoclinic to (time) periodic orbits. There are only some minor changes in 
the construction, so we just list the main steps for the SU(2) model. 

• Let to > be an integer, and b = diag(im, —im). Then 

^ = e (x+{\+2)u)b 

is an extended solution, and the associated Ward map is 
j = ^\ x=0 = e -(*+W = e ~(*+y+t)\ 

which is triply periodic in the variables x, y, t. 

• Set rj = J _1 5J. Then the linearization of the Ward equation at Jo 
is 

Vtt ~ Vxx ~ Vyy + [b, Vx + ^Vy ~ 2r lt] = 0. 
The unstable subspace of the linearization of the Ward equation at 
J is Wj, where (j, I) £ J?, (j - to) 2 + (I - 2m) 2 < to 2 , and W+ 
is spanned by 

pV / m2-(j-m)Mt-2m)2 * ( ce *0*+<f + 2 ™*)\ 

e I _c e -i{jx+ly+2mt) q J 
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with constant c G C. The stable subspace at Jo is ©W^7, where 
(j, I) satisfies the same condition, and W~ x is spanned by 

-V m»-(j-m)Ml-2m)» * f ce ^+^+2^ 

e I _g e -j(jx+/j/+2mt) q 

with constant c G C. 
» Choose (j, /) e Z 2 with (j - m) 2 + (/ - 2m) 2 < m 2 . Apply Backhand 

transformation h Zl>1T1 * ip, where z\ = re %e with r = yj 2m ~i ; cos 6* = 
, ~ m ., = , sin# > 0, 7Ti(x, y, t) is the Hermitian projection of C 2 onto 

C ^ e 2irrii«;i) . "1 = and «>i = x + z l u + ^l"^- Then 

where ffi is the projection onto 

^(zi)Imvri = C ^ m 2_ (j _ m) 2_ (l _ 2m) 2 te _ i{jx+ly+2mt ^j ■ 

» Choose (j2,h) = (j, 4m — Z) G Z 2 . Apply Backlund transformation 
again to get 

^2 = ^ 2 ,7r 2 * VT = K-i^l- 

Here Z2 = — zi, and n2(x,y,t) is the Hermitian projection onto Cg, 
where g = (^imazw^) , a 2 = and u?2 = x — Z\u — z± 1 v. Then 
W2(x,y,t) is the projection onto 

Ch^^-Zi) I ^/ m 2_( J -_ m )2_(j_ 2m )2 t -i(j x +(4m-0»+2mt) j - 



J 2 = V2 _1 |a=o = Jo(e-^i + e^X-e^a - e"*^) 

is a Ward map from T 2 x R to St/ (2). Analyzing the asymptotic be- 
havior of J2 as t — ► ±00, we see that J2 is transversal and homoclinic 
to the periodic orbit — Jo- Applying Backlund transformations even 
times with pairs of poles and Hermitian projections chosen similarly, 
we obtain more Ward maps which are homoclinic to ±Jo. 

The construction of homoclinic orbits to (time) periodic solutions for the 
SU(n) model is similar. Thus we have 

Theorem 4.4. Let m, p be integers, 1 < p < n — 1, 

b= U(n-p)mI p \ £su(n) 

\ -ipmln-pj v " 
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ip = e (x+{x+2)u)b ex t enc [ ec i solution, and Jq = e ( x +v+ t ) b the associated 
Ward map. Choose (j2jfc~i, hk-i) G ^ 2 such that 



( nm\ 2 2 fnm\ 2 

\3ik-i + C'ajfe— l - nm) < y— J , nm < l 2 k-\ 

and (j 2 k~i,hk-i) / {hh-i Mh-i) for 1 < k < h < N. Let (j 2k ,l 2 k) = 
(j2fe-i,2nm-/ 2 fc-i), z s = J nm ~ js e l6s withcos6 s = sgn(m) ( ls - nm \ a nd 

V J° \/3s{nm-3 a ) 

svci9 s = sgn(m)Vl — cos 2 9, s = 1, . . . , 2N . Let tt s (x, y, t) be the Hermitian 
projection of C n onto 

c(i,... ,i,/ s W,-/ s W) T , 

where 1 is repeated p-times, f s (w s ) = e l ^ nm ~i s "> Ws is repeated (n — p) -times, 
and w s = x + z s u + z^v. Let 

J2n{x, y, t) = h Z2NylT2N *(■■■* (h Zim * Jo(x, y,t))---) 

be the Ward map obtained by applying 2N Bdcklund transformations to Jo- 
Then J 2 n ■ T 2 x R — > .SC/ (n) zs a homoclinic Ward map. Moreover, J 2 n — > 
{-l) N Jo as t ±oo. 
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